Abstract. If we assume that the periodic brightness variations in a Kuiper Belt lightcurve are determined only by their aspherical shapes and the observing geometry, the fraction of detectable Kuiper Belt lightcurves and the lightcurve amplitude distribution can be used to constrain the shapes of Kuiper Belt objects. The results indicate that most Kuiper Belt objects (∼ 85%) have shapes that are close to spherical (a/b ≤ 1.5), but there is a small but significant fraction (∼ 12%) possessing highly aspherical shapes (a/b ≥ 1.7). The distribution cannot be well fitted by a gaussian and is better approximated by a power law.
Introduction
Since their discovery in 1992, the Kuiper Belt objects (KBOs) have attracted a great deal of interest in planetary astronomy because of the information they might contain. Thought to be a relic from the original protoplanetary disk, they are expected to still bear signatures of their origin and evolution. In particular, they are believed to be much less evolved than other known solar system objects, and thus might show planetary formation at an early stage.
Although it has been a decade since their discovery, not much is known about the KBOs physical properties, mainly because most are too faint (red magnitude m R ≥ 20) for detailed studies. Most of the existing data are broadband photometry, with a few low-resolution optical and near-IR spectra. Broadband photometry indicates that the KBOs possess diverse colors, ranging from neutral to very red (Luu & Jewitt, 1996; Tegler & Romanishin, 2000; Jewitt & Luu, 2001) . The low-resolution KBO spectra are usually featureless, although a few show weak 2 µm water ice absorption (Brown, Cruikshank & Pendleton, 1999; Jewitt & Luu, 2001) . Some broadband photometric data have been obtained for the purpose of studying KBO rotational properties, and although reliable lightcurves are still relatively rare, the sample is sufficient for detailed analysis. In this paper we collect data from reliable lightcurves and examine their implications for the shape distribution of KBOs.
Observations
The largest and most systematic studies of KBO rotational properties were carried out by Sheppard & Jewitt (2002, hereafter SJ02) and Sheppard & Jewitt (2003, hereafter SJ03) , which together present optical lightcurves of 27 KBOs. Their sample included most of the largest and brightest KBOs, with red absolute magnitude H R in the range 6.0 -7.5, corresponding to the diameter range 200 -400 km. These large objects are unlikely to be collisional fragments. Interestingly, only 7 of the 27 yielded periodic lightcurves, which they defined as periodic brightness variations with amplitude ∆m ≥ 0.15. Other lightcurves exist besides those presented by SJ02 and SJ03, but they vary widely in quality and sometimes contradict each other. For example, Romanishin & Tegler (1999) report a flat lightcurve for 1996 TO66, while Hainaut et al. (2000) and SJ03 detected periodic lightcurve for the same object. Of the lightcurves in the literature that were not measured by them, SJ02 deemed 6 to be reliable and included them in their analysis. Of these 6, 2 showed periodic lightcurves. In this work we adopt the same practice and make use of the 27 lightcurves from Sheppard & Jewitt, plus the 6 reliable lightcurves from the literature. The KBO lightcurve statistics are thus as follows: out of 33 reliable lightcurves, 9 showed periodic modulations with amplitudes ∆m ≥ 0.15. The fraction of KBOs with detectable periodic lightcurves is then: f (∆m ≥ 0.15) = 9/33 = 27%.
(1)
All 33 KBOs and their lightcurve parameters are listed in Table 1 . Assuming that the lightcurves are modulated by aspherical shapes and are therefore double-peaked, the periods range from 6 to 12 hrs.
Discussion
Lacerda & Luu (2003) show that the fraction of detectable KBO lightcurves can be used to infer these objects shape distribution, if certain (reasonable) assumptions are made. The assumptions are 1. Asphericity. The lightcurve modulations are assumed to arise from an aspherical shape, taken to be a triaxial ellipsoid with axes a ≥ b ≥ c. The axis ratio a/b must be large enough to give rise to a lightcurve amplitude ∆m which is greater than some minimum amplitude ∆m min set by the photometric error. In other words, ∆m = 2.5 log(a/b) ≥ ∆m min .
2. Observation geometry. The angle between the KBO spin axis and the line of sight -the aspect angle θ -should also be large enough to give rise to a detectable lightcurve amplitude, i.e., larger than ∆m min .
Here we adopt SJ02's photometric error of 0.15 mag, i.e., ∆m min = 0.15. If a lightcurve does not show periodic modulations, it is assumed that this is because one of the two assumptions is not satisfied. No spin rate bias is considered here. With these assumptions, the probability p of detecting a lightcurve can be written as (Lacerda and Luu, 2003) 
where, for the sake of being concise, we defineā = a/b,c = c/b, and Ψ(ā,c) is the probability of detecting brightness variations from a given ellipsoid of axis ratio (ā,c). Ψ(ā,c) is given by
where K = 10 0.8∆m min . The right hand side of Eqn. (2) represents the probability of observing a given KBO with axis ratios between (ā,c) and (ā + dā,c + dc) at a large enough aspect angle, integrated over all possible axis ratios. For moderately elongated ellipsoids (smallā), the function Ψ(ā,c) is almost independent ofc. If we further assumec ≈ 1, g(c) is ≈ 1, and Eqn. (2) becomes
From Eqn. (1), p(∆m > ∆m min ) = 0.27. Since the data did not sample the entire KBO population, there are necessarily errors associated with p. The 1-, 2-and 3σ error bars on p can be calculated based on the Clopper-Pearson confidence limits (Lacerda and Luu, 2003) :
3σ p = 0.27
With p known, the problem then becomes inverting Eqn. (4) to determine the shape distribution f (ā). This can be done if f (ā) is assumed to be a simple analytical function. First we assume f (ā) to be a gaussian with a mean denoted by µ and a standard deviation σ. All possible combinations of µ − σ that satisfy Eqn. (5) are plotted in Fig. 1 . The thick black curve represents all possible combinations of µ − σ that give rise to p = 0.27, and the shaded regions represent the µ − σ pairs allowed by p's 1-, 2-, and 3σ error bars. The entire shaded regions thus represent all possible combinations of µ − σ that are consistent with p = 0.27 +0.28 −0.18 . We can constrain µ − σ further by making use of the observed axis ratiosā. Using the data from Table 1 , for each detected lightcurve, the observed ∆m is converted to the axis ratioā by using the relation (Lacerda and Luu, 2003) 
Gaussian distribution
and by assuming an average aspect angle θ = 60 o . (θ = 60 o is the average angle if θ is distributed uniformly in sin θ). The observed cumulative fractions of KBOs, as a function of a/b (=ā), are plotted in Fig. 2 . These can then be compared with the cumulative fractions predicted by each allowed µ − σ pair to yield the best-fit gaussian. A grid search is performed through all possible µ − σ pairs allowed by Eqn. (5); using χ 2 as the comparison criterion, the best-fit gaussian is given by µ = 1.00(+0.22), σ = 0.24
The error bars in Eqn. (7) are 1σ error bars. There is no lower error bar to µ since µ represents the meanā, defined to be ≥ 1. The best-fit µ − σ is also marked in Fig. 1 .
The goodness of the fit is shown graphically in Fig. 2 where we plot the observed cumulative fractions of KBOs, as a function ofā, with the cumulative fractions predicted by the best-fit gaussian (Eqn. 7). The fit is good forā ≤ 1.5 but poor at largerā's. The Figure also shows that if we increase µ to µ = 1.22 (1 standard deviation away from the best-fit µ), the theoretical curve comes closer to fitting the largerā's, but misses practically all the data points. In Fig. 3 we try fitting the data with gaussians of different widths (σ = 0.11 and σ = 0.42, both being 1 standard deviation away from the best-fit σ), while keeping µ fixed at µ = 1.00. The fit offered by σ = 0.11 is much poorer than those seen in Fig. 2 ; σ = 0.42 comes closer to fitting all the data, but still misses all the data points.
What can we infer from Figs. 2 and 3? The best-fit gaussian (solid line in Fig. 2 ) is skewed toward small axis ratios and predicts that 95% of KBOs have axis ratios a/b ≤ 1.48 (within 2σ from the mean). This agrees reasonably well with the data which indicate that ∼ 85% have axis ratios a/b ≤ 1.48. However, the best-fit gaussian fails badly at larger a/b's: it predicts that only 0.3% of KBOs have axis ratios a/b ≥ 1.72 (larger than 3σ from the mean), while the data indicate that ∼ 12% have axis ratios in this range. Increasing µ to µ = 1.22 (dashed line in Fig. 2 ) reduces some of this skewness but does not significantly improve the fit at larger a/b's.
Keeping µ fixed and decreasing σ to σ = 0.11 (dotted line in Fig. 3 ) worsens the fit, as expected. Keeping µ fixed and increasing to σ = 0.42 (dashed line in Fig. 3 ) arguably produces the best fit yet (as judged by eye) since it tries to fit all the data points and does so equally well for all of them (or equally badly, depending on one's point of view). In short, none of the gaussians presented in Figs. 2 and 3 offers a good fit to the data. The conclusion to draw from the Figures is that the KBO shape distribution is not well approximated by a gaussian. This is because the KBO shape distribution has two characteristics that cannot be met simultaneously by a standard gaussian: (1) a large fraction (∼ 85%) has shapes that are close to spherical (a/b ≤ 1.5), yet (2) there is a significant tail to the distribution (∼ 12%) that has highly aspherical shapes (a/b ≥ 1.7). In other words, most KBOs are nearly spherical, but a signicant fraction is not. We note that, using a smaller data set, SJ02 came to the conclusion that a broad gaussian was needed to fit their available data. This is roughly consistent with our result here. With the benefit of a larger data sample, and the additional constraint from the detection probability p, we are able to improve SJ02's conclusion: the best description of the shape distribution is actually more like a moderately narrow peak with a long tail.
Power law distribution
Considering how poorly a gaussian fits the shape distribution, we try approximating f (ā) with a power law, f (ā) ∝ā q . The solution is shown graphically in Fig. 4 , where the thick horizontal line represents p = 0.27, and the solid black curve represents the detection probability p as a function of q:
In Eqn. (8), p(ā)dā is the fraction of a KBO with axis ratios in the rangeā toā + dā. The probability is normalized so that the integral of p(ā) fromā = 1 toā = 5 is equal to 1. The shaded areas represent all possible values of p within its 1-, 2-, and 3σ error bars, so the allowed values of q are those that lie within these shaded areas. We note that the horizontal line and the curved line intersect at q = 6.7. As was done in the previous section, we use the observed lightcurve amplitude distribution to constrain q further. We compare the observed cumulative fractions of KBOs, as a function ofā, with the cumulative fractions predicted by each possible q. A grid search is performed through all possible values of q; using χ 2 as the comparison criterion, we obtain the best-fit q: q = 6.4 ± 1.4 (1σ error bars).
It is reassuring that χ 2 statistics yield q = 6.4 as the best fit, as this is very close to the q = 6.7 found independently by the Lacerda & Luu method. The fits offered by q = 5.0, 6.4 and 7.8 are shown in Fig. 5 . It can be seen that the power laws generally fit the data better than the gaussians. We note, however, that the power laws still have the same problem as the gaussians: the fit is good at either the small a/b data points or the large a/b data points, there is no power law that fits all the data well. The shape distribution f (ā) as a gaussian and a power law is shown in Fig. 6 . As Fig. 6 shows, the KBO shape distribution is characterized by a steep peak at small a/b's, accompanied by a slow decline at larger a/b's. The dominance of small a/b's might be explained by (a) a preponderance of nearly spherical bodies, (b) a preponderance of very slow rotators whose lightcurve amplitudes could not be determined from the limited data, or some combination of these two factors. The likelihood of these scenarios will be evaluated in a future work. If the observational bias against slow rotators can be ruled out, the challenge will then be how to explain the dominance of nearly spherical bodies in the Kuiper Belt. As for the (small) fraction of KBOs with larger a/b's, and SJ02 have tentatively identified them as rotationally deformed "rubble piles," much like the "rubble piles" that have been proposed to exist among asteroids. If this hypothesis is correct, there should be a correlation between the KBO shapes and spin rates (high spin rate → large ∆m). The data sample is as yet too small to confirm such a trend (e.g., see Fig. 13 of SJ02 ).
Summary
We have applied the method described in Lacerda & Luu (2003) to the available KBO lightcurve data to constrain the KBO shape distribution. The method assumes that the detectability of KBO lightcurves depends only on the KBO shape and the observing geometry; it does not take into account any spin frequency effect (e.g., the bias against very slow spinners). The results can be summarized as follows:
1. With 9 out of 33 reliable KBO lightcurves showing periodic brightness variations, the fraction of detectable KBO lightcurves is f (∆m ≥ 0.15) = 0.27. This implies that the probability of detecting a KBO lightcurve is p = 0.27
−0.18 (3σ error bars).
2. The KBO shape distribution has a steep peak at small axis ratios and drops off quickly to form a long tail: most of the distribution (∼ 85%) has shapes that are close to spherical (a/b ≤ 1.5), yet (2) there is also a significant fraction (∼ 12%) that has highly aspherical shapes (a/b ≥ 1.7).
3. Fitting the KBO a/b distribution with a gaussian yields the best-fit mean µ = 1.00(+0.22) and standard deviation σ = 0.24
−0.13 (1σ error bars). However, this gaussian is strongly skewed toward small axis ratios (a/b ≤ 1.5), and offers a bad fit for larger axis ratios. Increasing the standard deviation reduces the skewness, but then all data points are fitted equally poorly.
4. The KBO a/b distribution is better fitted with power law distributions of the form f (a/b) ∼ (a/b) −q , with the best-fit exponent q = 6.4 ± 1.4 (1σ error bars). 
